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REMARK ON THE PAPER ”ASYMPTOTIC BEHAVIOR
OF POLYNOMIALS ORTHONORMAL ON A
HOMOGENEOUS SET”
F. PEHERSTORFER, AND P. YUDITSKII
Abstract. Minor modifications are given to prove the Main Theorem
under the Blaschke (instead of Carleson) condition as well as a small
historical comment.
Because of the reference [1] on our paper [4] a certain historical comment
is needed.
In [4] we generalized H. Widom’s Theorem [5] based on an absolutely new
idea, dealing with one dimensional perturbation of a given Jacobi matrix.
As it is well known if a Jacobi matrix J has the compact E = [b0, a0] \
∪j≥1(aj , bj) as spectral set, then its one dimensional perturbation may have
in addition to E spectral points in the gaps (one point in each gap). Since
in our case, the set E is possibly a Cantor type set, an infinite number of
spectral points X has to be added to the support of the spectral measure.
A homogeneous set E possesses the following very nice property [2]. Let
B(z, z0) = B(z, z0; Ω) be the Blaschke factor in the domain Ω = C \E with
zero at z0 ∈ Ω. From each interval (aj , bj) let us pick arbitrarily exactly one
xj. Then
inf
k
∏
j 6=k
|B(xk, xj)| > 0. (1)
Note that the convergence of the product
∏
j |B(z0, xj)| > 0 (the Blaschke
condition) corresponds to the so called Widom property of the domain Ω.
So, the domain with a homogeneous boundary has even a better property:
the more restrictive condition (1), the so called Carleson condition, holds
for the given Blaschke product.
Thus to use our idea on a one dimensional perturbation, we were enforced
to work with spectral measures supported on a homogeneous set E but also
having, possibly an infinite set of mass points supported on an arbitrary
(real) set X, satisfying (similar to (1)) the Carleson condition
inf
x∈X
∏
y∈X,y 6=x
|B(x, y)| > 0. (2)
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2When the results of [4] were presented and the manuscript was submitted
for publication, we recognized that the math community is much more in-
terested in an infinite number of mass point than in a Cantor type spectral
sets. We wrote [3] considering E just as a single interval. It became, al-
most immediately clear that the Carleson condition was too restrictive and
a simple trick [3, (2.9)] allows to use only Blaschke condition.
Unfortunately, the first paper was finally published later than the sec-
ond one (in this way we have, formally, a more fresh paper with the more
restrictive condition [4, (6.1)] on the set X).
To prove the Main Theorem under the Blaschke condition one has to
estimate [4, (6.9)] in the way [3, (2.9)], of course, following to the standard
strategy in this paper (Lemma 4.2, Lemma 5.3, etc):
1. For a fixed ǫ > 0 use the finite covering of Γ∗ (see [4, p.139]),
Γ∗ = ∪
l(ǫ)
j=1 {β : dist(β, βj) ≤ η(ǫ)} . (3)
2. For the exhaustion {XN} of X by finite sets [4, p.138], let MN be
the character of the Blaschke product BN with zeros at X \ XN . Since
BN (0)→ 1 and MN → 1Γ∗ we can choose N so big that
1−BN (0) ≤ ǫ, 1−∆
M−1
N (0) ≤ ǫ (4)
(for the definition of ∆α see [4, p.125]).
3. Having a finite number of the reproducing kernels (characters βj) and
a finite number of points (XN = {zeros of B/BN}), choose n due to the
estimation ∣∣∣∣∣∣
∑
XN
{
bn+1Kβj
(
−z′
φ′
)
Pn
}∣∣∣∣∣∣
≤ (sup
XN
|b|)n
√∑
XN
|Pn|2σl
√√√√∑
XN
∣∣∣∣Kβj bψ
∣∣∣∣
2
σl.
(5)
Let us mention that the key Lemmas 1.1, 2.2, 2.4, 5.2 were proved under
the Blaschke condition [4, (2.5)].
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